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The equations which describe the process of simultaneous heat and momentum transport are 
solved to obtain the pressure loss-flow rate relation for the laminar flow of pseudoplastic liquids 
through a smooth heated pipe. The rheology of the liquids is characterized by a temperature- 
reduced form of the empirical Ostwald-deWaele or power law equation. 

Two solutions to the basic equations are presented, a numerical integration of the heat con- 
duction differential equation and an approximate solution based upon a simplified model of  the 
temperature profile. 

Experimental data obtained with eighteen different pseudoplastic solutions and the limited 
data available from the literature are compared with theoretical predictions and are correlated 
over a 5,000-fold range of friction factors and pseudoplastic Reynolds numbers with a standard 
deviation of 4.9%. 

PREVIOUS RESEARCH 

The mathematical analysis of simul- 
taneous heat and momentum transport 
in the laminar flow of fluids results in 
five scalar partial differential equations 
which must be satisfied simultaneously. 
Some of these equations are nonlinear, 
and no general analytic solutions are 
known. Various investigators (1, 2, 3, 
4, 5 )  have solved the equations for 
certain restricted cases. Over moderate 
ranges of experimental conditions their 
results are adequate, but none of the 
extant analytical solutions is sufficient 
for the enormous ranges of variables 
which have been examined experimen- 
tally. The analytical approaches are 
inadequate when large radial and/or 
axial temperature gradients exist. 

Sieder and Tate (6) and others (7, 
8) have determined the pressure drop- 
flow rate relation for highIy noniso- 
thermal Newtonian flow by empirical 
methods. This approach has proved 
useful in the design of heating and 
cooling equipment, as it has facilitated 
the estimation of nonisothermal pres- 
sure losses and hence the rational siz- 
ing of pumps and estimation of energy 
costs. No adequate method for pre- 
dicting pressure losses through heaters 
or coolers is known for non-Newtonian 
flow. 

THEORETICAL ANALYSIS 

The simultaneous transport of heat 
and momentum is describable in terms 
of the hydrodynamic equations of 
motion, continuity, and energy conser- 
vation. In general notation these equa- 
tions are 

Equation of motion: 
- 

- DU - - 
p- == F b  + V * T 

Dt 
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Equation of continuity: 

Energy equation: 
- DT - -  

CP - = V * ( k V T )  + T:VU 
Dt 

In non-Newtonian flow problems 
the complex relation between the stress 
tensor and the strain-rate tensor often 
leads to intractable equations. In order 
to avoid this complication the authors 
introduce the following assumptions to 
simplify the general equations: 

1. The fluid is incompressible and 
has temperature independent heat 
capacity and thermal conductivity. 

2. The flow is steady ( a m  = 0). 
3. The flow channel is cylindrical. 
4. The flow field is axially sym- 

5. Body forces are unimportant 

6. The energy dissipated by viscous 
shear is negligible in comparison with 
that transported by thermal conduc- 

tion (T:vU- 0). 
7. Radial and angular flow is neg- 

ligible compared with axial flow 
( u  = w = 0; u = iu). 

8. The pressure gradient is a func- 
tion only of the axial coordinate (ap/ 
dr  = 0) .  

metric (a/a+ = 0). 

(Z = 0). 

- 

- -  
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9. Conduction in the axial direction 
is negligible in comparison with that 
in the radial direction (azT/aza = 0). 

10. Shear stress is a function only 
of radius [ T ? ~  = T ( T ) ] .  

Upon introduction of assumptions 
1 to 4, 6, 7, and 9 the energy equa- 
tion is reduced to 

aT 

In order to solve Equation (1) one 
must know the velocity distribution u 
as a function of T and z. This may be 
ascertained from the equations of 
motion and continuity coupled with a 
rheological stress-strain rate relation. 

The rheological equation chosen is 
the simple empirical Ostwald-deWaeIe 
or power law equation modified to in- 
clude temperature effects (9, 10): 

where S', is given by 

The parameter E* is an experimental 
energy of activation which is deter- 
mined from rheological data obtained 
at different temperatures; k, is the 
unit shear-rate value of 7 (somewhat 
analogous to a viscosity), and n is the 

slope of a logarithmic plot of T vs. S',; 
E*, k,, and n will be considered as 
constants in the following analysis. 

Introduction of the above assump- 
tions into the equations of motion and 
continuity or a force balance written 
for a cylindrical fluid element results 
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Fig. 1. Enlarged temperature-profile curve. 
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Fig. 2. Nonisothermal laminar-flow parameter h. 

in the following form of the equation 
of motion: 

1 d  
r dr 
-- ( T T )  = d p / d z  

which, upon integration with the con- 
dition that T ( T  = 0) be finite, results 
in the familiar expression 

where the authors have used assump- 
tions 8 and 10 above, which show that 
aplaz can at most be a constant 
equal to --ap/L. The validity of as- 
sumption 8 and the equation of dp/  
dz  with -AP/L  was borne out by 
limited experimental observations which 
indicated the variation of Ap with 
length to be less than 2%. The real 
justification for these assumptions is 
found in the excellence of the final 
correlation derived therefrom. 

It is convenient to introduce the di- 
mensionless coordinate x = r / R ,  
which varies between the limits zero 
and unity at the center line and wall 
of the tube. Equation ( 2 )  may be re- 
written as 

( -g) = R, (TW/k , ) l ln  ( x l r )  

"STEAM INLETS 

where 
9 (x,z) = E*/RT (x,z) (6) 

and T ( x , z )  is the temperature distri- 
bution. 

Equation ( 5 )  may be used to derive 
the expression 

- 2[Tw/kn exp ( @ J ~ ) ] " "  
pRw8 

S,xJ,' (x'In) exp - +(x , z ) ldxdx  
( 7 )  

where +i = E*/RT, and Q is the volu- 
metric flow rate. Upon introduction of 
the identity 

k, = k, [(1+ 3n)/n]" ( 8 )  

rE--  Q 

Equation (7)  becomes 

where 

& = 2 [ ( 1 + 3 n ) / n l t x $  (x"") 

and 

rW = k,, I?' If-" (9) 

exp [4i - +(x,z) 1 dx dx (10) 

k,, = k,exp (@&) (11) 

The constant k, is the unit intercept 
of a logarithmic plot of T~ vs. r? E r 
exp (E+/RT)  . Equation (8) is derived 
from Equation (5) with $J(x,~)  = $6 

PRESSURE TAPS 

n 

S 

Fig. 3. Equipment flow sheet. 
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by obtaining the expression for r and 
then transforming it into the form 

Upon introduction of the Fanning 
T W  = k(n)r". 

friction factor defined as 

where G = p u  and 
velocity 

is the area mean 

- 1 
u = Q / d L * = - D r  (13) 

2 

Equation (9) is reduced to the dimen- 
sionless form 

1c 

ir'" -- 
g c  k,4 

For isothermal flow [r = 1 and Equa- 
tion (14) is reduced to 

-- 
g e  k,' 

If common terms are eliminated be- 
tween Equations (14) and (15), and 
the condition r4,, = rnZ imposed, then 

f", = fi.0 I," (16) 

fi,, = 16 N8st-l (17) 
where 

and 

The friction factor f t r o  is that friction 
factor which would be observed if the 
fluid were flowing isothermally with 
the same average linear velocity as 
that existing in the nonisothermal flow. 

Equation (17) is a form' (11, 12, 
13)  of the Poiseuille equation for fluids 
conforming rheologically to Equation 
( 2 ) .  Other investigators (1 1 ) have 
presented results which, for the case 
considered here, may readily be shown 
( 1 2 )  to reduce to Equation (17) .  
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Fig. 4. Computer curves for n = 1/3. 
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Fig. 5. Computer curves for n = %. 

In order for Equation (16) to be 
useful one must solve Equation (10). 
Two alternatives are available, numeri- 
cal integration of the energy equation 
or the invention of a model of the tem- 
perature profile from which an ap- 
proximate solution may be derived. 
These approaches will be discussed in 
the order mentioned. 

NUMERICAL INTEGRATION OF 
ENERGY EQUATION 

Equation (5) may be integrated 
once with respect to radius to give the 
velocity distribution 

U ( X , Z )  = R, ( ~ ~ / k , , ) ” ~ f  (x””) 

exp C- 4(sz)  1 dx (19) 
Multiplying Equation (7)  by pnR,* 
one gets the mass flow rate 

w = 2 n ~ , 3 p  (T,/ko)l/m x (x”’”) 

exp [- +(x,z)] dx dx (20) 

Elimination of the quantity ( ~ ~ / k , ) l / ”  
between Equations (19) and (20) 
and multiplication of the result by 
exp (&)/exp (&) leads to 

where 

and 
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If Equation (21) is introduced into 
Equation ( l ) ,  one has 

aT .%k I ,  
az wc x ax 

(24) 
which is the partial differential equa- 
tion to be integrated numerically. 

The function br defined by Equation 
(10) may be calculated from 

where 

and 
F = 21, exp (nA+) (26) 

The quantity F is the parameter ac- 
tually computed in the numerical 
integration of Equation (24). Equa- 
tion (25), together with Figures 4, 5, 
and 6, permits the calculation of lr as 
determined by numerical integration. 
The veIocity profiIe may also be com- 
puted directly by using the incremen- 
tal solutions of I, obtained in the nu- 
merical integration process. 

The numerical integration of Equa- 
tion (24) was accomplished by stand- 
ard techniques (9, 12, 14)  with the 
aid of a digital computer. Integrations 
were performed for the cases shown 
in Table 1. 

APPROXIMATE SOLUTION 

The function br may be obtained in 
algebraic form if a mathematically 

”.I 
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Fig. 6. Computer curves for n = 2. 
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tractable function exp [+& - +(x,z)] 
is known. For this purpose it is con- 
venient to construct a simplified model 
of the temperature profile. 

If the temperature profiles obtained 
by the numerical integration discussed 
above are used to calculate +(x,z) for 
a given set of parameters n and A+, a 
family of curves is obtained. These 
curves are parameterized by a modi- 
fied Graetz number, N B z  E wc/kL = 
TR,” N G s / L 2 .  These curves suggest, as 
a model, the division of the profile into 
two parts, one a constant and the other 
a tractable function, of x and x .  The 
function chosen is 

+(x,z) = = const.; 0 5 x 5 X(z) 
(28) 

+ ( x , z )  = 4, + A+Lnx/LnX(z); 
X(z) 5 x 5 1 (29) 

where h ( z )  is a function to be deter- 
mined from the temperature profile 
curves computed above. The curve in 
Figure 1 is the upper portion of one 
such curve for Gred values of Nb., n, 
and A+. For t L 0.5 the curve is es- 
sentially linear. When this linear por- 
tion is extrapolated to the t = 0 axis, 
as illustrated in Figure 1, an intercept 
x, = 1 - 8. is obtained. The function 
h ( z )  is defined as 

X(z) = a (  1 - 6,) (30) 

where .(Y is a numerical parameter to 
be determined experimentally. A value 
of 0.95 for a was found to be suffi- 
cient. In Figure 2 is shown a plot of 
h(z) vs. WG,. The curves shown were 
determined from the computed tem- 
perature profiles by the above method 
with a = 0.95. 
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Fig. 7. Computed velocity profiles. 
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Fig. 8. Data of present investigation. 

Introducing Equations (28) and 
(29) into Equation (10) one obtains + 5 - A ( ~ )  (i+*n)~ 
i -  

1 + 3n 

nu. 
[ I -  A ( Z ) " O ]  exp [.A+] (31) 

EXPERIMENTAL APPARATUS AND 
PROCEDURE 

The system (illustrated in Figure 3) 
consisted of a 200-gal. reservoir tank, a 
25-hp. progressing-cavity pump, an 80- 
gal. surge tank, and a double-pipe water 
cooler preceding the heating sections. The 
three test sections consisted of 1, 1?4, and 
%in. iron pipe size copper pipes, each sur- 
rounded by two concentric steam jackets. 
The external jacket was supplied with 
steam at the same pressure as that in the 
internal jacket and thus served as an in- 
sulator to minimize heat losses. Each test 
section was preceded by 15 ft. of straight 
tubing which served as a calming section 
and was insulated to minimize heat losses 
and insure constancy of the inlet tempera- 
ture. 

Mass flow rates were determined by 
diverting the fluid stream into an oil drum 
mounted on a 1,000 Ib. capacity platform 
scale and measuring the time required for 
the accumulation of 100 Ib. of fluid. 

Inlet and outlet temperatures were 
measured with 0" to 100°C. laboratory 
grade thermometers graduated in 0.1"C. 
increments. Wall temperatures were meas- 
ured with a yeries of thermocouples placed 
at regular intervals along and around the 
pipes. The thermocouple readings were 
recorded continuously by a 12-point null- 
balance recording potentiometer. Small 
pressure drops were measured with a 50- 
in. water-carbon tetrachloride manometer, 
and large pressure drops were measured 
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with a 100-in. water-mercury manometer. 
Both manometer scales were graduated in 
0.1-in. divisions. 

The rheological properties of the solu- 
tions studied were determined with two 
viscometers, a rotational viscometer built 
by Salt ( 1 5 )  and modified by Stevens 
( 1 6 )  and Craig (9), and a capillary vis- 
cometer built by Petersen (17) .  

When the steady state had been reached 
(all temperatures constant for at least 10 
min. ), the pressure drop and temperature 
data were recorded. Two mass flow rate 
determinations were made and the results 
averaged. 

Viscometer samples were collected im- 
mediately before the first run of the da , 
at the end of the last run, and occasiona Y y 
in the middle of the set of runs. These 
samples were tested immediately in one 
of the above mentioned viscometers. 

The pseudoplastic fluids used in the 
present investigation were aqueous solu- 
tions of sodium carboxymethylcellulose 
( CMC ) and carboxypolymethylene (CBP). 
It was found (9, 12, 17) that simultaneous 
heating and pumping of the fluids caused 
a slow but steady change in their rheo- 
logical properties. Fortunately the change 
in fluid properties was slow enough that 
average values of the viscometer results 
could be used for several flow data points. 
No short term time-dependent changes 
(thixotropy ) were observed. 

Fluid density, heat capacity, and thermal 
conductivity were assumed to be identical 
with those of pure water, in agreement 

TABLE 1. VALUES OF PARAMETERS FOR 

NUMERICAL INTEGRATION 

n A@ 

2 0, 1,2 
1 0, 1 , 2  
3/4 0, L 2  
6/10 0,1 
1/2 0, 192 
1/3 0,1,2 

Fig. 9. Data of Vaughn. 

with the experimental findings of Craig 
(9)  and Mortenson (18). 

COMPUTER RESULTS 

Typical curves obtained by numeri- 
cal integration of the conduction equa- 
tion are illustrated in Figures 4 through 
6. Each set of curves corresponds to 
a fixed value of n and is parameterized 
by A+. Both of the above mentioned 
methods of computing the function 5, 
agree within less than 1%, thus show- 
ing that the approximate solution is 
sufficiently accurate for calculation 
purposes. A sample of the velocity 
profile curves mentioned above is 
shown in Figure 7. Curves were com- 
puted for each of the cases listed in 
Table 1. 

EXPERIMENTAL RESULTS 

Laminar flow data obtained for 
sixty-three different conditions are pre- 
sented in Figure 8. The laminar flow 
data of Vaughn (19) are presented in 
Figure 9. The heavy straight line in 
both figures represents a rearrangement 
of Equations (16) through (18) into 
the form 

fnt 5," = 16 NRB&-~ (33) 

The two light lines parallel to the 
heavy straight line described by Equa- 
tion (33) represent the standard de- 
viation of the data with respect to the 
Equation (33). This standard devia- 
tion is 4.6% for the data of the pres- 
ent investigation and 5.13% for 
Vaughn's data. 

The data shown in Figure 8 cover 
a tenfold range of friction factors and 
pseudoplastic Reynolds numbers. Eight- 
een different fluids are represented 
with values of n ranging from 0.498 
to 0.936 and values of A+ from 0.527 
to 1.630. These data were obtained in 
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all three diameter pipes with L / D  
values ranging from 28.8 to 228. There 
is no noticeable stratification of the data 
with respect to any of the above vari- 
ables. The mean deviation of the ex- 
perimental data from the theoretical 
line is within the precision of the data. 

Vaughn's data (19),  shown in Fig- 
ure 9, appear to be the only laminar 
nonisothermal non-Newtonian flow data 
in the literature. These data, which 
Vaughn was unable to correlate suc- 
cessfully (19) by empirical means, are 
well correlated by Equation (33).  
Five of Vaughn's points (two CMC 
and three CBP) are significantly out 
of line with the remainder of his data. 
In view of the internal consistency of 
the other data points these five are 
suspected of being in error and were 
ignored in the statistical analysis. 
Vaughn obtained data for a third solu- 
tion, but these data appear to involve 
a large error and were not considered 
further. 

The data presented in Figures 8 and 
9 cover a range of friction factors from 
5.71 x 10" to 27.3 and a range of N R ~ (  
from 0.616 to 2,900. This is nearly a 
5,000-fold variation. In addition the 
L / D  ranged from 28.8 to 228, and the 
radial temperature difference ranged 
from 18.4" to 57.4"C. These data are 
correlated with an over-all standard 
deviation of 4.9%. The equations de- 
rived above may be used to predict 
nonisothennal friction factors from 
fundamental viscometer data and arbi- 
trary pipe-flow system specifications. 

In the derivation of the theoretical 
equations no limitation was placed on 
the type of fluids involved other than 
the applicability of the reduced Ost- 
wald-deWaele or power law equation. 
There is therefore no a priori reason to 
assume that the theoretical results of 
this investigation may not be applied 
to the nonisothermal flow of dilatant 
fluids ( n  > 1 )  as long as the applica- 
bility of the specified rheology may be 
assumed. This assumption is in fact 
partially verified by the numerical 
solution to the conduction equation 
obtained for the case n = 2. This par- 
ticular solution shows no great differ- 
ences from those for n less than unity. 
Ideal Bingham plastic fluids have been 
explicitly excluded from the present 
treatment, since the yield stress of 
these fluids introduces additional com- 
plications not considered here. 
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NOTATION 

(Any consistent units may be used: 
m = mass, L = length, T = time, 

8 = temperature) 

C = heat capacity, (L"/TV)  
D = tube diameter, (L) - , ,  
E+ = energy of activation per mole, 

(mL"/T2) 
F = computer function defined 
- by Equation (26) 
F ,  = external body force in Equa- 

tion of motion, (mL/?") 
f = Fanning friction factor, 

gcpDAp/2G2L, dimensionless 
G = mass flux, (m/TL") 
g, = force unit conversion factor, 

) 
m L / P  

( other force unit 
I , , I ,  = integrals defined by Equa- 

tions (22) and (23) 
k = thermal conductivity, (mL/  

T3i? ) 
k, = power law constant, (mTF."/ 

k, = constant defined by Equa- 
tion (8), (mT"/L) 

L = length of heater, ( L )  
N c z  = Graetz number, cLG/k, di- 

mensionless 
Nice = modified Graetz number, 

rrRw2NG,/ L', dimensionless 
Nxei = pseudoplastic Reynolds num- 

ber defined by Equation 

L )  

(18) 
n = power law exponent 
-Ap/L = axial pressure gradient, 

( m /  L T )  
Ap = over-all pressure difference, 

( m/LTz)  
Q = volumetric flow rate, ( L s / T )  
R = gas constant per mole, (mL"/ 

R, = tube radius, (1;) 
r = radial coordinate, ( L )  
S',  = reduced shear rate defined 

T = absolute temperature, (8) 
T,,T,  = inlet and wall temperatures 

T = stress tensor in equation of 

t = normalized temperature, 

T'8) 

by Equation (2) ,  ( T I )  

of fluids, ( 8 )  

motion, (m/L?") 

(T - T , ) / ( T ,  - T 6 ) ,  dimen- 
sionless 

U,V,W = velocity components, ( L / T )  
U = velocity vector, ( L / T )  
2) = area mean velocity, ( L / T )  
W = mass flow rate, ( m / T )  
X = normalized radial coordinate, 

r / R , ,  dimensionless 

- - 

- 
- 

Greek Letters 
ff = numerical constant 

= pseudo shear rate, Q/rRIOS, r 

6, = intercept shown in Figure 1 
1 1  

R Tt T m  

A,#, =!?[---I 
- 

v u  
5,  

= strain-rate tensor, (T") 
= nonisothermal flow function 

defined by Equation (10) 
= function defined by Equa- 

tion (30) 
= 3.14159.. . . . 
= density, ( m / L s )  
= shear stress, (m/LT*) 
= wall shear stress, ( m / L P )  
= E*/RT(x ,z )  
= E+/RT,  
= E*/RT, 

Subscripts 

ni = nonisothermd 
is0 = isothermal 
i = inlet 
W = wall 
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